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L .  Y u .  A r t y u k h  a n d  E .  A.  Z a k a r i n  UDC 533.601.1:539.196.6 

The influence of nonequi l ibr ium dissocia t ion  on the flow field in l amina r  mixing of homo-  
geneous a i r  flows is  inves t igated by a per tu rba t ion  method. The Math,  Prandt l ,  and Schmidt 
number s  a re  se lec ted  as  p rob lem p a r a m e t e r s .  The solution is  obtained taking account  of 
four approximat ions .  

1. The l a m i na r  mixing of two reac t ing  s t r e a m s  a t t r ac t s  the at tention of r e s e a r c h e r s  f i r s t ly  by the 
s imple  flow geome t ry ,  and secondly by the fact  that such flows a re  often encountered in p rac t i ce  as  the 
initial port ion of a plane jet ,  the wake behind a body, etc.  Marble  and Adamson [1] examined such a p r o b -  
l em under  the assumpt ion  that ignition of a fuel mix ture  occu r s  in the mixing zone. Kovitz and Hogland 
[2] a t tempted  to c a r r y  out an analogous invest igat ion with other  chemical  k ine t ics ,  the molecule  d i s s o c i a -  
tion and a tom recombina t ion  kinet ics .  However ,  the p rob l em was solved in this paper  in a s t rongly 
ideal ized form:  the s t r e a m s  move at identical ve loci t ies ,  and the chemical  react ion  ra te  depends only on 
the component  concentrat ion.  

The p rob lem of l amina r  mixing of h igh-speed a i r  s t r e a m s  accompanied  by energy  diss ipat ion and 
h igh - t empe ra tu r e  effects  such as molecule  d issocia t ion  and a tom recombina t ion  is  cons idered  below. 

The flow under invest igat ion is descr ibed  by the s y s t e m  of compress ib l e  gas  boundary l aye r  equations,  
which in the d imens ion less  L e e s - D o r o d n i t s y n  va r i ab l e s  

q~ = ~ ~ pdy-, ~ = x  (1.1) 

0 

has  the fo rm 

(p~[")' + 2if" = O, (1,2) 

OT 4Lh ~ w.4 
= 4~f' - - ~  + ~ = , (1 .3 )  

PI u1 TR Cz~ p 

P~ a'  + 2 f a ' = 4 ~ f  O_a_a 4L ~ w=a (1.4) 
0~ Pi ut P 

The p r ime  here  denotes  the der iva t ive  with r e spec t  to the coordinate r w A is the ra te  of a tom format ion  
pe r  unit volume in unit t ime ,  h~ is  the enthalpy of a tom format ion ,  L is any cha rac t e r i s t i c  dimension;  the 
subsc r ip t s  I and II denote the conditions in the upper  and lower  s t r e a m s ,  r e spec t ive ly .  All the remain ing  
notation is s tandard  in boundary l a y e r  theory.  The var iab le  quanti t ies  a re  used in the d imens ion less  form:  

~ = T -  " ~e ' ~ e = -  ' ~ = - - '  vI Pz 
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Fig. 1. Development of velocity u/uI,  tempera ture  T /TI ,  atom concentrat ion a, and dissociat ion 
rate w A profi les  in the mixing zone of air  s t r eams :  u I = 4500 m / s e c ,  uii = 0, a I = aii = 0, T 1 = TII 
= 230~K, P r  = S m  =0.72,  M I = 15.5. 

Fig. 2. Velocity u/ui ,  temperature  T /T  R (a) and atom concentration a (b) profi les:  ) taking ac -  
count of dissociat ion;  . . . .  ) without taking account of dissociation, u I = 4500 m / s e c ,  uii = 0, TII 
=230~  I = a I I = 0 .  F o r a :  1) P r  = I ,  S m = I , T  I = 2 3 0 ~  I = 1 5 . 5 ; 2 )  P r  =0.72,  S m = 1 ,  T I 
= 230~ M I = 15.5; 3) P r  = 0.72, Sm = 1, T[ = 1000~K, M I = 7.5. For  b: 1) P r  = 1, Sm = 1; 2) P r  
= 0.72, Sm = 1; 3) P r  = 0.72; Sm = 0.5; 4) P r  = 0.72; Sm = 0.36; and for 1-4) M I = 15.5. 

~-= ~_.~_, f , =  u__ ~ =  T , co~ T, T. 
P.I u~ T~ --~R ' c~ Tn 

The sys tem (1.1)-(1.4) must  be solved under the following asymptotic boundary conditions 

ep-+q-oo: f'--~l,-T-+%, a-+a,, 

~.-.-~--oo: f'"+O, T-~%z, a-+an. 
(1.5) 

The equations of a dissociated boundary layer  have been solved in a general formulation only numerical ly  
on high-speed electronic  computers  [3]. The difficulties in such a computation are essential ly due to the 
nonlinear source WA, the complex form of the dependence of the t ransfer  coefficient on the atom t empera -  
ture and concentration,  and also to the huge amount of computational labor.  

2. Complex physicochemical  p rocesses  associa ted with the excitation of rotational and vibrational 
degrees  of freedom, molecule dissociation,  and atom ionization, occur  in air  at high tempera tures .  As is 
known [4], these p rocesses  have different energy potentials,  and may hence proceed separately depending 
off the tempera ture  band. 

Let us examine the tempera ture  range within which the oxygen d i s soc ia t ion- recombina t ion  react ion 
occurs  

O~+ X ~ - - O + O  + X ,  

where the molecules  02, N 2 or  the atom O can play the par t  of the third part icle  X. Since the molecular  
weights of oxygen and nitrogen are  sufficiently s imi lar ,  it can be considered to a sufficient degree of 
accuracy ,  that a i r  is a mixture of a toms with the mass  concentration a and molecules with the mass  con-  
centrat ion 1 - a .  This model of an ideally dissociat ing gas proposed by Lighthill [5] is real for  a ir  under 
the condition that the vibrationa[ and rotational nonequilibrium can be negIected. 

The equilibrium proper t ies  of the mixture depend on the equilibrium constants 

K ( T ) = A T - ~  (2.1) 
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P r o f i l e s  of the expans ion  funct ions  of the t e m p e r a t u r e  (b) and a t o m  concen t r a t i on  (a); 
~ )  z e r o t h ,  f i r s t ,  second ,  th i rd ,  and four th  a p p r o x i m a t i o n s  of  the funct ions;  . . . .  ) the r e s u l -  
t an t  t e m p e r a t u r e  and a t o m  c o n c e n t r a t i o n  p r o f i l e s  fo r  d i f f e ren t  s ec t ions  of the s t r e a m  mix ing  
zone:  u I = 4000 m / s e e ,  ui i  -- 0, T I = 3000~ TII  = 230~ a I = a i i  = 0, P r  = S m =  0.72. 

Fig .  4. P r o f i l e s  of  the expans ion  funct ions  of the t e m p e r a t u r e  (a), the concen t r a t i on  and r e a c -  
t ion ra t e  (b), u I = 4500 m / s e e ,  uIi = 0, T I = TII  = 230~ a I = a i I  = 0, P r  = Sm = 0.72. 

and the d e g r e e  of d i s s o c i a t i o n  is  def ined by the law of e f fec t ive  m a s s e s  

2 
a~ -- RTe K (T~). 

2 1-- ae 4P 
(2 .2 )  

In the nonequ i l i b r i um s ta te  the r a t e  of change of a tom c o n c e n t r a t i o n  is def ined by the equat ion of the c h e m -  
ical  r e a c t i o n  r a t e  [6] 

WA PC r 2ao T--O,5 _~ ( I - -a ) ]  
p = RT~ ( l +  a) 

• [ ( l - - a )  K RT4P 1 +aa~] (2.3) 

The fol lowing e m p i r i c a l  cons t an t s  w e r e  used  in (2.1)-(2.3) [6]: 

A =  1,2.106 kmole.deg~ 3, B=3.34.  l0 S deg -~ , 

C=  1.9.10 ~s kmole.deg~ 3, TD = 5.95. 104~ TR = 4,5.10z~ 

Af t e r  the p a s s a g e  to the d i m e n s i o n l e s s  t e m p e r a t u r e  T and man ipu la t i ons  a s s o c i a t e d  with tbe e x t r a c t i o n  of 
the c h a r a c t e r i s t i c  c h e m i c a l  r e a c t i o n  t i m e ,  we obta in  the fol lowing e x p r e s s i o n  fo r  the l a s t  m e m b e r s  i n .  
(1.3) and (1.4): 

4L~--" w--a ={L~uI}I4PC ( T ~ ) }  
pzu~ p tRT~ exp ' x(a'  ~)" (2.4) 

H e r e  

% (a, 
7r 5(I + a) L TR \ T  

4P exp ( T_p_D ~ ~-os a_~ ~ , 
ARTR ~ T~ ]. 1 + a(." 
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The re la t ionship  in the f i r s t  b r a c e s  in (2.4) c h a r a c t e r i z e s  the t ime that the physical  p r o c e s s e s  p roceed  
~ph, while the re laxa t ion  t ime 1/Tx i s  in the second b r a c e s .  Let  r (x) denote the re la t ionship  between these 
t ime s: 

! 4PC ( 
Tx 

The quantity F (~) is  usually cal led the D a m m k e l l e r  number  and is  an impor tan t  cha rac t e r i s t i c  of phys ico-  
chemical  p r o c e s s e s  in a flow field. If  F (~) is smal l ,  then the physical energy and a tom t r a n s f e r  p r o c e s s e s  
play a predominant  pa r t  (in this case  it  is said that  the flow is  chemical ly  frozen).  Fo r  high values of 
F (D, the p r o c e s s  will be in chemical  equi l ibr ium, the a tom concentrat ion and t empe ra tu r e  a re  de te rmined  
in this case  f r o m  (2.1) and (2.2), and hence,  there is  no longer  a need to solve the energy (1.3) and dif -  
fusion (1.4) equations.  In the general  case  of a finite value of F(~), when the r a t e s  of the physical  and 
chemical  p r o c e s s e s  a re  c o m m e n s u r a t e ,  the p rob lem is  solved in a general  formulat ion with (1.2)-(1.4) and 
(2.4). 

The influence of molecule  d issocia t ion on the t r a n s f e r  p rope r t i e s  of the gas mixture  can be taken 
into account for  the ideal d issocia t ing  gas model a s sumed .  Computations show [4] that the mix ture  v iscos i ty  
is de te rmined  well  enough by the v iscos i ty  of a pure  gas  consis t ing only of molecules ,  say,  i .e . ,  ~ ~ gM ~ A  
(the symbol  M he re  r e f e r s  to a molecu la r  gas ,  and A to an atomic gas).  The following re la t ions  a re  obtained 
for  the heat  conduction coeff icient  k, the specif ic  heat  Cp,  the numbers  P r  and Sm: 

k=kM 1~1,62a , (2.6) 
1A-a 

Cp=CpM 4 - - a '  . - - ~  , ( 2 . 7 )  

Pr=Pr~  (1 -4- 0.25a) (1 -4- a) , (2.8) 
1 -]- 1.62a 

Sm = Smu (1 + a). (2.9) 

3. Let  us examine the flow for  which the unper turbed  s t r e a m s  are  in a chemical ly  f rozen  s ta te ,  and 
a smal l  deviat ion f r o m  this state occurs  in the mixing zone because  of diss ipat ive  heating, i .e. ,  a toms  are  
fo rmed  whose local  concentra t ion is  l e s s  than the appropr ia te  equi l ibr ium concentrat ion.  

In this case ,  f i r s t ly  the physical  p r o c e s s e s  in the whole flow field will p roceed  more  rapidly than 
the chemical  and the D a m m k e l l e r  number  F (~) can be chosen a smal l  p a r a m e t e r ,  and the p rob lem can be 
solved by the per tu rba t ion  method [7]; secondly,  because  of the low degree  of d issocia t ion  (a << 1), the 
t r a n s f e r  coeff icients  and the i r  a ssoc ia ted  quanti t ies  (see (2.6)-(2.20)) can be taken equal to the appropr ia te  
values  of a pure  molecu la r  gas.  

Let  us make still  another  assumption:  ~p = const ,  which is  quite just if iable in the solution of c o m -  
p re s s ib l e  boundary l aye r  p rob l em s  without chemical  reac t ions ,  and the re fo re ,  should also not introduce 
rough dis tor t ions  for  slight gas dissociat ion.  A resu l t  of such an assumpt ion  is  the fact  that the dynamic 
equation (1.2) in the L e e s - D o r o d n i t s y n  va r i ab l e s  is  solved independently of the remain ing  equations in the 
sys t em.  This  affords  a poss ibi l i ty  of using the known :solution of (1.2) in [8]. 

Let  us seek the t e m p e r a t u r e  dis tr ibut ion and a tom concentra t ion in the fo rm of expansions in the 
Dammke l l e r  number :  

�9 (~, ~) r~(~) T~(~), (3.1) 
n~0 

=2 a(~, ~) r~(g) a~(~). (3.2) 

Substituting the s e r i e s  (3.1) and (3.2) into (1.3) and (1.4) and collect ing t e r m s  in identical powers  of F (~), 
we obtain the following s y s t e m  of l inear  ord inary  different ial  equations 
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. t , ~  /I//2~Ip2 T o + 2Pr/T~ + P r (7 - -  1)w,,..,t = O, 

a o +2Sin fa o = 0, 

Tn -? 2Pr fT~ - -  4Pr nf 'T .  

--~ Pr ~ X . - 1  (.- ,), (To . . . . .  T . _ I ,  a o . . . . .  a . _ , ) ,  

" " 4 ' . . . . . .  a , ~ _ l ) .  a , ' + 2 S m f a  n -  S m n [  a n = - - S m x , _ l ( . . . ) ( T  o, . ,T~_I,  a0, 

The boundary conditions (1.5) become  

ro-->o) I , ~0"---~GI , q~--+ oo: 
T . ~ O ,  a.--+ 0, 

To--+r , ao--+ali  , cp ---~. - -  oo : 
T~ --+ O, a,~ ---,-O. 

(3.3) 

(3,4) 

(3.5) 

(3.6) 

(3.7) 

The source  functions • can be obtained by expanding the function X (F) in Tay lo r  s e r i e s  in the ne ighbor-  
hood of the point F = 0. Equations (3.3) and (3.4), with appropr ia te  boundary conditions, desc r ibe  the 
f rozen  flow comple te ly  and have an analyt ical  solution [8]. 

The co r rec t ion  function Tn and a n which take account of the influence of the chemical  d issocia t ion and 
recombina t ion  reac t ions  on the t e m p e r a t u r e  profi le  and a tom concentra t ion,  have been obtained by n u m e r -  
ical in tegra t ion of (3.5) and (3.6). The diff icult ies  a s soc ia ted  with giving the boundary conditions at infinity, 
did not p e r m i t  appl icat ion of o rd ina ry  numer ica l  methods (the method of fac tor iza t ion ,  the t r ia l  and e r r o r  
method,  etc.) .  Hence,  the solution is found in the f o r m  of quadra tures :  

Prh~ I .(~) Y,~ (q~) S~, (3.8) 
T . -  C v T R  y , ~ ( c o )  

where  

I , =  ~ t, pr dq~ d(p, Y , =  j ~ S ,  d(p, 
- - ~  - - a D  - - r  

and S n a re  pa r t i cu la r  solutions of the cor responding  homogeneous different ial  equations 

S : +  2Pr/S'~-- 4Pr n[ 'S ,~=O (3.9) 

with the boundary conditions Sn (0) = 1, S n (0) = 0. The s y s t e m  of equations (3.8) and (3.9) a re  solved in 
combinat ion with an analogous s y s t em  for  the a tom concentra t ion to the fourth approximat ion ,  inclusive,  
on an e lec t ron ic  digital computer .  

4. Use of a computer  p e r m i t s  computat ion of a se t  of modif icat ions  of this p rob lem depending on the 
values  of the p a r a m e t e r s  P r  and Sin, as well  as on the conditions in the upper  and lower  s t r e a m s .  The 
following cons t ra in t s  were  hence taken: 

1) S t ream mixing with a fixed cons t an t - t empe ra tu r e  medium was considered,  i .e . ,  u I = 0 and TI] [ 
= 230~ 

2) The p a r a m e t e r s  P r  and Sm var ied  only during the calculat ion of the f i r s t  approx imat ions  of T 1 
and a 1 and took on the values:  P r  = 1; 0.72; S m =  1; 0.72; 0.5; 0.36. This  co r r e sponds  to values  
of the number  Le = 0.72; 1; 1.4; 2; 2.8; 

3) The number  P r ,  Sm and Le remained  constant,  equal to one, in calculat ions of the remain ing  
higher o r d e r  (to the fourth,  inclusive) approximat ions .  

To es t ima te  the influence of d issocia t ion on the t e m p e r a t u r e  dis t r ibut ion and a tom concentrat ion,  
boundary l aye r  development  as a function of r emova l  f rom the beginning of mixing is  shown in Fig. 1 in 
the physical  coordinate  plane. Both compress ib i l i t y  and the dependence of F on the longitudinal x coord i -  
nate we re  hence taken into account.  T e m p e r a t u r e  p rof i l es  without d issocia t ion  (dashed l ines) a re  p resen ted  

179 



for  compar i son .  It  is  seen  f r o m  the f igure that the exothermal  dissociat ion p r o c e s s  r e su l t s  in a diminution 
of the max imu m  t e m p e r a t u r e  in the mixing zone, which in turn diminishes  the effect  of the chemical  r e a c -  
tion. When the a tom concentra t ion reaches  the m a x i m u m  value,  the t e m p e r a t u r e  in the mixing zone probably 
d iminishes  so much that fu r the r  ga s d issocia t ion b e c o m e s  imposs ible .  

The influence of the number s  P r  and Sm on the t e m p e r a t u r e  prof i le  and a tom concentrat ion is  shown 
in Fig. 2. A compar i son  between curves  1 and 2 shows that as the P r  number  d iminishes ,  i .e . ,  as the heat  
e l iminat ion f r o m  the mixing zone i n c r e a s e s ,  the effect  of the chemical  reac t ion  on the t e m p e r a t u r e  and 
espec ia l ly  on the concentra t ion field d iminishes  (the degree  of dissociat ion drops  more  than threefold for  
the smal l  change in P r  f r o m  0.72 to 1). Analogously but no l e s s  s t rong is  the influence of the number  Sm 
since a diminution in this p a r a m e t e r  will r e su l t  in more  intense el iminat ion of a toms  f rom the mixing 
domain (Fig. 2b, cu rves  2, 3 and 4). Additional heat ing of the s t r eam,  as  an inc rease  in the number  P r ,  
contr ibutes  to d issocia t ion  (Fig. 2a, curve 3). An ana lys i s  of these r e su l t s  shows that neglecting the change 
in t r a n s f e r  coeff ic ients  even in a domain close to the f rozen  domain can re su l t  in essent ia l  dis tor t ion of the 
physical  p ic ture  of the p r o c e s s .  

Four  approximat ions  for  the t empe ra tu r e  and concentrat ion were  calculated in o rde r  to c lar i fy  the 
higher  o rde r  e f fec ts  as  well  as to de te rmine  the radius  of convergence of the s e r i e s  (3.1) and (3.2). 

Graphs  of the t e m p e r a t u r e  and degree  of d issoc ia t ion  of the f rozen flow and four co r rec t ion  functions 
a re  p resen ted  in Figs .  3 and 4 for different  conditions in the unper turbed s t r e a m .  

The qual i tat ively identical behav io r  of all the approximat ions  s t r i ke s  the eye.  This  is  evidently due 
to the nature  of the functions,  the sources  • whose sharp  peaks  a re  p resen ted  in Fig. 4b. As is seen f r o m  
this f igure ,  the effect  of the chemical  reac t ions  is  loca l ized  in a nar row domain analogous to a diffusion 
combust ion front .  This  will afford the possibi l i ty  of using cor responding  methods of invest igat ion which 
have been developed well  in f lame theory [9]. 

By compar ing  Figs .  3 and 4 it  can be noted that the cor rec t ion  functions T n and a n inc rease  in the 
f i r s t  case  (Fig. 3) as n i n c r e a s e s ,  while these functions diminish in the second (see Fig. 4). There fo re ,  
the radius  of convergence of the ' se r ies  (3.1) and (3.2) depends on the conditions in the unper turbed s t r e am.  
A numer ica l  "exper iment"  showed that at  the m a x i m u m  f rozen  flow t e m p e r a t u r e  T0max <_ 3500~ the 
functions T n and a n diminish as n grows.  This  does not mean,  however ,  that the 3500~ t e m p e r a t u r e  is  the 
ul t imate  poss ib le  since the convergence of asympto t ic  s e r i e s  is  not an absolute for  obtaining solutions of 
sufficient accuracy  [10] Compliance with the condition T0max <- 3500~ affords  the possibi l i ty  of i n c r e a s -  
ing the number  F to 0.5 and of hence using just  the f i r s t  approximat ion.  

In conclusion,  let  us  note that d issocia t ion plays  a predominant  pa r t  in all the computed modif icat ions 
and in o rde r  to take account of this effect  in this formula t ion  of the p rob lem,  it is  sufficient to calculate  
the f i r s t  approximat ion.  Atom recombinat ion  will be fel t  only for F > 1, i .e . ,  for  essent ia l ly  nonequil ibr ium 
flow. 

After  having comple ted  this r e s e a r c h ,  whose fundamental  r e su l t s  we re  p resen ted  to the III All-Union 
Congress  on Theore t ica l  and Applied Mechanics  [12], the paper  [11] was  published in which the influence 
of nonequi l ibr ium dissocia t ion  on l am i na r  s t r e a m  mixing is  also considered.  The numer ica l  solution 
obtained in a q u a s i - s e l f - s i m i l a r  approximat ion  (the longitudinal coordinate  x is  taken as the p a r a m e t e r  of 
the problem)  qual i ta t ively ag r ee s  well  with the r e su l t s  here in :  a tom recombina t ion  is  fel t  quite weakly in 
the whole computed flow domain.  

f, = u /u  I 
T 
a 

x, y 
~ , ~  
P 

P 
P 

7 = Cp/Cv 

NOTATION 

dimens ion less  longitudinal veloci ty  component;  
t empe ra tu r e ;  
a tom concentrat ion;  
longitudinal and t r a n s v e r s e  coordinates ;  
Lees  - D o r o d n i t s y n  va r i ab l e s  (1.1); 
p r e s s u r e ;  
density;  
k inemat ic  v iscosi ty ;  
heat  conduction coefficient;  
ra t io  of the specif ic  beats ;  
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~ = TI/TR, wII = TII/TR 
L 
Pr ,  Sm, Le, M, Re 

WA 
K 
• 
F 
A, B, C, TD, T R 

dimensionless temperatures of the upper and lower streams; 

character is t ic  length; 
Prandtl, Schmidt, Lewis, Maeh, and Reynolds number; 
rate of atom formation (2.3); 
equilibrium constant; 
function in (2.4); 
Dammkeller number (2.5); 
empirical constants .  
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